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Abstract
We prove that for every reversible conical bicombing σ on a metric
space X , there exists a conical bicombing on the injective hull of X that
extends σ. We also establish a Descombes-Lang type result stating that
every proper metric space with a conical bicombing admits a consistent
bicombing satisfying certain convexity conditions.
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1 Introduction
1.1 Extension to the injective hull
A metric space (X, d) is injective if for every metric space (B, d), subset A ⊂ B,
and 1-Lipschitz map f : A→ X, there exists a 1-Lipschitz map f¯ : B → X such
that f¯(a) = f(a) for all a ∈ A. Injective metric spaces were first studied by
Aronszajn and Panitchpakdi [1] and since then have been applied in fields as
diverse as discrete mathematics [15], functional analysis [35], geometric group
theory [12] and metric fixed point theory [19]. Examples of injective metric
spaces include ℓ∞(I) for any index set I, closed geodesically convex subset of
ℓ∞(I), and complete metric R-trees. Descombes and Pavo´n [11] obtained an
explicit characterization of all injective subsets of ℓ∞(I).
As observed by Lang [33], injective metric spaces have striking properties
reminiscent of non-positive curvature. For instance, if a subgroup of the isom-
etry group of an injective metric space has bounded orbits, then it has a non-
empty fixed point set, see [33, Proposition 1.2]. Moreover, on every injective
metric space there exist distinguished geodesics that satisfy a weak global non-
positive curvature condition. More precisely, every injective metric space admits
a conical geodesic bicombing.
A geodesic bicombing on a metric space (X, d) is a map σ : X×X×[0, 1]→ X
such that σxy(·) := σ(x, y, ·) is a metric geodesic from x to y for any pair
(x, y) ∈ X ×X. The convention to call a collection of paths of a metric space
bicombing is due to Epstein and Thurston [17, p.83]. The study of metric
spaces with distinguished geodesics goes back to the work of Busemann [5].
To streamline the terminology, from now on, bicombing will mean geodesic
bicombing. A bicombing σ on a metric space X is conical if
d(σxy(t), σx′y′(t)) ≤ (1− t) d(x, x
′) + t d(y, y′) (1.1)
for all x, y, x′, y′ ∈ X and t ∈ [0, 1]. Conical bicombings are the main object
of study of the present article. They have been employed considerably under
various names in metric fixed point theory [42, 32, 27, 26]. We refer the reader
to the recent articles [10, 4] for a systematic study of conical bicombings.
Our main result, Theorem 1.1, implies that the class of metric spaces admit-
ting a conical bicombing coincides with the class of σ-convex subsets of injective
metric spaces. Here a subset A of a metric space X is σ-convex if there exists a
conical bicombing σ onX such that σxy(t) ∈ A whenever (x, y, t) ∈ A×A×[0, 1].
Before we state Theorem 1.1, we recall the powerful notion of the injective hull
of a metric space.
A deep result of Isbell [25] states that for every metric space X there exists
a “smallest” injective metric space E(X) that contains on isometric copy of X
as a subspace. Let (Y, d) be an injective metric space and let e : X → Y be an
isometric embedding; the pair (e, Y ) is called injective hull of X provided that
a 1-Lipschitz map f : Y → Z to a metric space (Z, d) is an isometric embedding
whenever f ◦ e is an isometric embedding. We denote the injective hull of X by
(e,E(X)). Isbell’s construction has been rediscovered and further developed by
several authors including Chrobak and Larmore [7], Dress [12], and Holsztyn´ski
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[22]. Due to the work of Dress, injective hulls are also called tight spans and are
a well-known concept in discrete mathematics with applications in phylogenetic
analysis. We refer to the book [13], the articles [15, 14], and the references there
for more details.
A bicombing σ is reversible if σxy(t) = σyx(1 − t) for all points (x, y, t) ∈
X × X × [0, 1]. It turns out that every reversible conical bicombing on X is
induced by a conical bicombing on E(X). This is the content of our main result:
Theorem 1.1. Let (X, d) be a metric space and suppose σ is a reversible conical
bicombing on X. Let (e,E(X)) denote the injective hull of X. Then there exists
a reversible conical bicombing σ¯ on E(X) such that
e(σxy(t)) = σ¯e(x)e(y)(t)
for all (x, y, t) ∈ X ×X × [0, 1].
The author and Miesch [4] showed that every complete metric space with
a conical bicombing admits a reversible conical bicombing. Hence, as stated
above, by Theorem 1.1, the class of metric spaces admitting a conical bicombing
agrees with the class of σ-convex subsets of injective metric spaces.
Theorem 1.1 is proved as follows. First, we show in Lemma 3.1 that every
reversible conical bicombing satisfies an inequality slightly stronger than (1.1).
Second, having Lemma 3.1 at hand we extend a certain contracting barycenter
map β on X to a contracting barycenter map β¯ on E(X). Now, the bicombing
σ¯ is easily obtained from β¯, see Lemma 2.4.
A contracting barycenter map is a 1-Lipschitz map β : P1(X) → X such
that β(δx) = x for all x ∈ X, following Sturm [43, Remark 6.4]. The set
P1(X) of all Radon measures on X with finite first moment is endowed with
the first Wasserstein distance W1 (see Section 2.1). A metric space is said to
be a barycentric metric space if it admits a contracting barycenter map. Our
use of contracting barycenter maps in the proof of Theorem 1.1 was motivated
by the following characterization of barycentric metric spaces.
Theorem 1.2. Let (X, d) denote a complete metric space. Then the following
statements are equivalent:
1. X admits a conical bicombing.
2. X is a barycentric metric space.
Theorem 1.2 is basically known. The key idea leading to Theorem 1.2 is a 1-
Lipschitz barycenter construction first described by Es-Sahib and Heinich [18].
This barycenter construction has been improved by Navas [39]. Descombes [9]
considerably simplified Navas’s construction by the use of elementary statistics
and proved the implication (1.) =⇒ (2.) for reversible conical bicombings. The
other implication is immediate, see Lemma 2.4.
The reader may refer to [29, 8, 36, 9] for a diverse set of recent applications
of contracting barycenter maps. There are many examples of barycentric metric
spaces: closed convex subsets of Banach spaces (the map µ 7→
∫
C
x dµ(x) is a
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contracting barycenter map), complete CAT(0) spaces (via Cartan’s barycenter
map; see [43, Theorem 6.3] or [34, Lemma 4.2]), complete Busemann spaces
(see [39]), and injective metric spaces. Moreover, by Theorem 1.2 the class
of barycentric metric spaces possesses useful structural properties: it is closed
under ultralimits, ℓ1-products and 1-Lipschitz retractions. This gives a plethora
of examples to which Theorem 1.1 may be applied.
1.2 Applications of Theorem 1.1
Theorem 1.1 is applicable to problems of the following form: Let (A) denote
a statement about conical bicombings on a metric space X; then, by Theorem
1.1, if (A) is true for E(X), then (A) is true for X. For instance, by [4,
Theorem 1.5] if X is an injective Banach space and σ is a conical bicombing
on the closed ball B2r(0) ⊂ X, then on Br(0) the bicombing σ is given by
linear segments. Hence, every injective Banach space admits only one conical
bicombing. Isbell [24, Theorem 1] proved that if X is a Banach space, then
the injective hull (e,E(X)) of X admits a Banach space structure, whose norm
induces the metric of E(X). Thus, by Theorem 1.1 we obtain the following
corollary:
Corollary 1.3. A Banach space admits only one reversible conical bicombing.
This unique reversible conical bicombing is given by linear segments.
Corollary 1.3 may also be established by invoking a result of Ga¨hler and
Murphy [21]. As it turns out, Corollary 1.3 remains valid if the reversibility
assumption is dropped. This is worked out in Section 3.3. The classical Mazur-
Ulam Theorem is a direct consequence of Corollary 1.3. Indeed, suppose that
f : V → W is a surjective isometry. The map σ given by (x, y, t) 7→ f−1((1 −
t)f(x)+ tf(y)) is a reversible conical bicombing on V . Hence, by Corollary 1.3,
σ is given by linear segments, thus f is affine.
As pointed out above, conical bicombings on an open subset of an injective
Banach space are locally given by linear segments. In view of this result, the
question has been raised whether a closed convex subset of a Banach space
with non-empty interior only admits one conical bicombing, see [4, Question
1.6]. Motivated by the proof of Theorem 1.1, we found a counterexample to
this question.
Proposition 1.4. The upper half-plane H := {(s, t) ∈ ℓ2∞ : t ≥ 0} ⊂ ℓ
2
∞ admits
two distinct reversible conical bicombings.
We remark that H ⊂ ℓ2∞ is injective. Since H is convex, H admits the
conical bicombing given by linear segments. Another conical bicombing on H
is constructed by joining points that are close enough to the boundary via
“tent”-like geodesics that pass through the interior of H. By interpolating the
geodesics of two distinct bicombings on H one gets infinitely many distinct
conical bicombings, see Section 4.
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1.3 Improving conical bicombings
It is often desirable to work with bicombings that satisfy properties which are
more restrictive than (1.1).
We say that a bicombing σ is consistent if σpq([0, 1]) ⊂ σxy([0, 1]) whenever
p, q ∈ σxy([0, 1]). By definition, every consistent bicombing is reversible. A
bicombing σ is said to be convex if the map t 7→ d(σxy(t), σx′y′(t)) is convex
on [0, 1] for all points x, y, x′, y′ ∈ X. A conical bicombing is not necessarily
convex, see [10, Example 2.2]. However, every consistent conical bicombing is
convex. In [30], Kleiner introduced often convex metric spaces which in our
terminology are metric spaces with a consistent convex bicombing. We refer to
[31, 6, 23] for some recent applications of consistent convex bicombings.
Every Gromov hyperbolic group Γ acts properly and cocompactly on the
proper metric space E(Γ), provided we endow Γ with the word metric with
respect to any finite generating set, see [33] for more details. In [10], Descombes
and Lang discovered strong non-positive curvature properties of the injective
hull E(Γ) of Γ. They showed that straight geodesics of E(Γ) are unique and
the bicombing on E(Γ) given by straight geodesics is the only consistent convex
bicombing on E(Γ). More generally, they showed that every proper metric space
of finite combinatorial dimension in the sense of Dress has these properties. Here
a geodesic σ : [0, 1] → X is straight if the function t 7→ d(x, σ(t)) is convex on
[0, 1] for all x ∈ X.
In general, it is an open question if every proper metric space with a conical
bicombing admits a consistent convex bicombing, see [10, p. 368]. The follow-
ing Descombes-Lang type result could be a first step in solving this difficult
problem.
Theorem 1.5. Let (X, d) be a proper metric space and suppose X admits a
conical bicombing. Then there exists a bicombing s : X ×X × [0, 1] → X such
that:
1. s is consistent,
2. sxy(·) is a straight geodesic for all x, y ∈ X,
3. the function t 7→ d(sxy(t), sx′y′(t)) is convex on [0, 1] for all points
x, y, x′, y′ ∈ X with d(x, y) = d(x′, y′).
If the metric space X in Theorem 1.5 is compact, then s may be chosen
such that, in addition, s is Iso(X)-equivariant, see Lemma 4.5. It is unclear if
the bicombing s of Theorem 1.5 is in fact convex.
A key component in the proof of Theorem 1.5 is a sequence (s(n))n≥1 of
bicombings satisfying a discrete consistency condition. Having the sequence
(s(n))n≥1 at hand, the map s is obtained via a straightforward ultrafilter argu-
ment. We construct the sequence (s(n))n≥1 by means of a fixed point argument
on the moduli space CB(X) of all conical bicombings on X. The moduli space
CB(X) is introduced and discussed in detail in Section 4. We hope that the
introduction of CB(X) may prove useful for further study of metric spaces with
a conical bicombing or, equivalently, a contracting barycenter map.
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2 Wasserstein distances and barycenter maps
2.1 The first Wasserstein distance
We recall the basic properties of the first Wasserstein distance. Let (X, d) be
a metric space and let P (X) denote the set of all Radon probability measures
on X. For µ, ν ∈ P (X) we introduce the first Wasserstein distance
W1(µ, ν) := inf
γ∈Λ(µ,ν)
∫
X×X
d(x, y) dγ(x, y) (µ, ν ∈ P (X)),
where Λ(µ, ν) denotes the set of all couplings of the pair (µ, ν). A probability
measure γ ∈ P (X×X) (we equipX×X with the 1-product metric) is a coupling
of (µ, ν) if γ(B×X) = µ(B) and γ(X×B) = ν(B) for all Borel subsets B ⊂ X.
Let P1(X) denote the set of all µ ∈ P (X) such that
W1(µ, δx0) < +∞ (x0 ∈ X).
The celebrated Kantorovich-Rubinstein Duality Theorem states
W1(µ, ν) = sup
{∫
X
f dµ−
∫
X
f dν : f ∈ Lip1(X)
}
(2.1)
for all µ, ν ∈ P1(X). It is worth to point out that if the supports of µ and ν
are finite, then (2.1) follows easily from the strong duality theorem of linear
programming. For a discussion of the Kantorovich–Rubinstein Theorem we
refer the reader to the excellent survey article [16].
As a direct consequence of (2.1), the pair (P1(X),W1) is a metric space.
Moreover, for every L-Lipschitz map f : X → Y the push-forward map
f♯ : P1(X)→ P1(Y ) is L-Lipschitz as well, see [40, Lemma 2.1].
Lemma 2.1. Let (X, d) and (Y, d) denote two metric spaces. If e : X → Y is
an isometric embedding, then e♯ : P1(X)→ P1(Y ) is an isometric embedding.
Proof. It suffices to prove that the map Lip1(Y )→ Lip1(X) defined by g 7→ g◦e
is surjective. To this end, let f ∈ Lip1(X). We define the function g : Y → R
via
y 7→ inf
x∈X
f(x) + d(y, e(x)).
We estimate
f(x) = inf
x′∈X
f(x′) + |f(x)− f(x′)| ≤ inf
x′∈X
f(x′) + d(x, x′)
= inf
x′∈X
f(x′) + d(e(x), e(x′)) ≤ f(x)
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for all points x ∈ X and so f = g ◦ e. In addition,
|g(y) − g(y′)| = | inf
x∈X
(
f(x) + d(y, e(x))
)
− inf
x∈X
(
f(x) + d(y′, e(x))
)
|
= sup
x∈X
|d(e(x), y) − d(e(x), y′)| ≤ d(y, y′);
thus, the function g is 1-Lipschitz.
In what follows, we shall need an explicit formula of W1(µ, ν) if µ and ν
are supported at finitely many points with rational weights. The following
proposition and its proof are well-known.
Proposition 2.2. Let (X, d) be a metric space. Assume that x1, y1, . . . , xn, yn ∈
X are (not necessarily distinct) points of X. Then
W1
( 1
n
n∑
i=1
δxi ,
1
n
n∑
i=1
δyi
)
= min
π∈Sn
1
n
n∑
i=1
d(xi, yπ(i)).
Proof. We sketch the proof indicated in [44, p. 5]. We abbreviate µ :=
1
n
∑n
i=1 δxi and ν :=
1
n
∑n
i=1 δyi . Clearly,
W1(µ, ν) = min
{ 1
n
n∑
i,j=1
pijd(xi, yj) : P = (pij) is doubly stochastic
}
.
A non-negative n × n matrix P is doubly stochastic if Pj = P tj = j for the
all-ones vector j ∈ Rn. The Birkhoff–von Neumann theorem states that each
doubly stochastic matrix is equal to a finite convex combination of permutation
matrices. Hence,
W1(µ, ν) = min
{ 1
n
n∑
i=1
δi,π(i)d(xi, yj) : π ∈ Sn
}
,
as desired.
Next, we consider the case if µ and ν are supported at two points with real
weights. Via a straightforward calculation we establish in the following lemma a
simple expression for W1(µ, ν). Alternatively, we could also invoke Proposition
2.2 and a simple limit argument.
Lemma 2.3. Let (X, d) denote a metric space and suppose x1, x2, y1, y2 ∈ X
are points. Let s, t ∈ [0, 1] be real numbers. Then
W1
(
(1− s)δx1 + sδx2 , (1− t)δy1 + tδy2
)
= min
λ∈Is,t
(
(1− (s+ t) + λ)d(x1, y1) + (s− λ)d(x2, y1)
+ (t− λ)d(x1, y2) + λd(x2, y2)
)
,
where Is,t := [(s+ t− 1) ∨ 0, s ∧ t].
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We use the notation a ∨ b := max{a, b} and a ∧ b := min{a, b}.
Proof. We abbreviate µ := (1− s)δx1 + sδx2 and ν := (1− t)δy1 + tδy2 . Clearly,
W1(µ, ν) = min
π∈Λ(µ,ν)
∫
X×X
d(x, y)dπ(x, y).
The measure π ∈ P (X × X) is a coupling of the pair (µ, ν) if and only if
π =
∑2
i,j=1 πijδ(xi,yj), with 0 ≤ πij ≤ 1 and
π11 + π12 = 1− s, π21 + π22 = s, π11 + π21 = 1− t, π12 + π22 = t.
The solution set of this system of linear equations equals(
1− (s+ t), t, s, 0
)
+
{
(λ, −λ, −λ, λ) : λ ∈ R
}
.
Since 0 ≤ πij ≤ 1, we conclude that W1(µ, ν) is equal to
min
λ∈Is,t
(
(1− (s+ t) + λ)d(x1, y1) + (t− λ)d(x1, y2)
+ (s− λ)d(y1, x2) + λd(x2, y2)
)
,
where Is,t := [(s + t− 1) ∨ 0, s ∧ t].
2.2 Contracting barycenter maps
To begin, we list some example of barycentric metric spaces. Clearly, every
injective metric space is barycentric. The Cartan barycenter map on a com-
plete CAT(0) spaces is contracting, see [43, Theorem 6.3] or [34, Lemma 4.2].
Moreover, Navas [39] established that every complete Busemann space is a
barycentric metric space. It is not hard to check that if (X, d) is a barycentric
metric space, then X admits a conical bicombing.
Lemma 2.4. Let (X, d) be a metric space and suppose β : P1(X) → X is a
contracting barycenter map. Then the map σβ : X ×X × [0, 1]→ X given by
(x, y, t) 7→ β
(
(1− t)δx + tδy
)
is a reversible conical bicombing on X.
Proof. We abbreviate σ := σβ. Let 0 ≤ s ≤ t ≤ 1 be real numbers. By
definition,
d(σxy(s), σxy(t)) ≤W1
(
(1− s)δx + sδy, (1− t)δx + tδy
)
.
By the use of Lemma 2.3, we deduce
W1
(
(1− s)δx + sδy, (1− t)δx + tδy
)
= (t− s) d(x, y).
Consequently, d(σxy(s), σxy(t)) ≤ (t− s)d(x, y). We estimate,
d(x, y) ≤ d(x, σxy(s)) + d(σxy(s), σxy(t)) + d(σxy(t), y) ≤ d(x, y).
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So σxy(·) is a geodesic from x to y. Next, we establish inequality (1.1). Let
t ∈ [0, 1] be a real number. Using Lemma 2.3, we obtain
d(σxy(t), σxy(t)) ≤W1
(
(1− t)δx + tδy, (1− t)δx + tδz
)
= t d(y, z)
for all points x, y, z ∈ X. Since σ is reversible, (1.1) follows.
Conversely, every complete metric space with a conical bicombing is
barycentric:
Theorem 2.5. Let (X, d) denote a complete metric space admitting a conical
bicombing σ. Then there exists a contracting barycenter map βσ : P1(X) → X
such that βσ(µ) ∈ convσ(spt(µ)) for all µ ∈ P1(X).
The support spt(µ) is the set of all points x ∈ X such that µ(U) > 0
for all open subsets U ⊂ X with x ∈ U . For A ⊂ X the closed σ-convex
hull of A, denoted by convσ(A), is the closure of the smallest σ-convex set
that contains A. A subset A ⊂ X is called σ-convex if σxy(t) ∈ A whenever
(x, y, t) ∈ A×A× [0, 1].
Proof of Theorem 2.5. We give only the main ideas of the proof. By virtue
of [4, Proposition 1.3], we obtain a reversible conical bicombing τ on X such
that convτ (A) ⊂ convσ(A) for all subsets A ⊂ X. We set b1(x) := x and
b2(x, y) := τxy(
1
2) for all x, y ∈ X. Using [2, Proposition 3.4], we obtain a
sequence of maps (bn : X
n → X)n≥3 satisfying
d(bn(x), bn(y)) ≤ min
π∈Sn
1
n
n∑
i=1
d(xi, yπ(i)) (2.2)
for all n ≥ 3 and x, y ∈ Xn. Given x ∈ Xn, for each integer k ≥ 1 we write
Qk(x) ∈ Xkn to denote the point (x, . . . , x). Descombes [9, Theorem 2.5 (1)]
proved that the limit
b(x) := lim
k→+∞
bnk(Q
k(x))
exists for all x ∈ Xn. Moreover, if x = (x1, . . . , xn), then
b(x) ∈ convτ ({x1, . . . , xn}). (2.3)
By (2.2), (2.3), and Proposition 2.2, the map β : PQ(X)→ X given by
µ =
1
n
(
δx1 + · · · + δxn
)
7→ β(µ) := b(x1, . . . , xn)
is well-defined, β(µ) ∈ convτ (spt(µ)), and d(β(µ), β(ν)) ≤ W1(µ, ν) for all
µ, ν ∈ PQ(X). Here PQ(X) ⊂ P1(X) denotes the set of all Radon probability
measures on X with finite support and rational weights. The map β : PQ(X)→
X extends to a contracting barycenter map β on X, for X is complete and
PQ(X) is W1-dense in P1(X), see [2, Proposition 3.2]. Now, it is easily seen
that βσ := β has the desired properties. The theorem follows.
We conclude this section with the proof of Theorem 1.2.
Proof of Theorem 1.2. Immediate, using Lemma 2.4 and Theorem 2.5.
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3 Extending conical bicombings
3.1 Consequences of the conical inequality
We show in the following lemma that every reversible conical bicombing satisfies
an inequality slightly stronger than (1.1).
Lemma 3.1. Let (X, d) be a metric space and A ⊂ X a subset of X. Let
{σxy(·)}x,y∈A be a collection of geodesics σxy : [0, 1] → X such that σxy(0) =
x, σxy(1) = y, and σxy(t) = σyx(1− t) for all t ∈ [0, 1] and x, y ∈ A. If
d(σxy(t), σxz(t)) ≤ t d(y, z)
for all x, y, z ∈ A and t ∈ [0, 1], then
d(σx1x2(t), σy1y2(t)) ≤W1
(
(1− t)δx1 + tδx2 , (1− t)δy1 + tδy2
)
for all t ∈ [0, 1] and x1, x2, y1, y2 ∈ A.
Proof. Without loss of generality, we may suppose that t ∈ [12 , 1]. We retain
the notation from Lemma 2.3. For s = t, it holds Is,t = [2t − 1, t]. Thus, by
substituting ε := t− λ in Lemma 2.3, we obtain
W1
(
(1− t)δx1 + tδx2 , (1− t)δy1 + tδy2
)
(3.1)
= min
ε∈[0,1−t]
(
ε(d(x1, y2) + d(y1, x2)) + (t− ε)d(x2, y2) + ((1− t)− ε)d(x1, y1)
)
.
On the one hand, we compute
d(σx1x2(t), σy1y2(t)) ≤ d(σx1x2(t), σx1y2(t))
+ d(σy2x1(1− t), σy2y1(1− t)),
thus we deduce
d(σx1x2(t), σy1y2(t)) ≤ (1− t)d(x1, y1) + td(x2, y2), (3.2)
but on the other hand, we estimate
d(σx1x2(t), σy1y2(t)) ≤ d(σx2x1(1− t), σx2y2(1− t))
+ d(σx2y2(1− t), σx2y2(t)) + d(σx2y2(t), σy1y2(t))
and therefore
d(σx1x2(t), σy1y2(t)) ≤ (1− t)d(x1, y2) (3.3)
+ (2t− 1)d(x2, y2) + (1− t)d(x2, y1).
The inequalities (3.2) and (3.3), and the equality (3.1) yield
d(σx1x2(t), σy1y2(t)) ≤W1
(
(1− t)δx1 + tδx2 , (1− t)δy1 + tδy2
)
,
as desired.
Lemma 3.1 tells us that if σ is a reversible conical bicombing on X, then
the map (1 − t)δx + tδy 7→ σxy(t) is 1-Lipschitz. This observation is the main
component of the proof of Theorem 1.1.
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3.2 Contracting barycenter maps extend to the injective hull
The subsequent lemma shows that contracting barycenter maps on X extend
to contracting barycenter maps on E(X).
Lemma 3.2. Let (X, d) be a metric space and suppose S ⊂ P1(X) is a subset
such that δx ∈ S for all x ∈ X. If β : S → X is a 1-Lipschitz map with β(δx) = x
for all x ∈ X, then there exists a contracting barycenter map β¯ : P1(E(X)) →
E(X) such that e(β(s)) = β¯(e♯(s)) for all s ∈ S.
Proof. The composition e ◦ β is a 1-Lipschitz map and the push-forward map
e♯ : P1(X)→ P1(E(X)) is an isometric embedding, see Lemma 2.1. Therefore,
there exists a 1-Lipschitz map β¯ : P1(E(X)) → E(X) such that e ◦ β(s) =
β¯ ◦ e♯(s) for all s ∈ S, as the metric space E(X) is injective.
We are left to show β¯(δz) = z for all points z ∈ E(X). Let i : E(X) →
P1(E(X)) denote the isometric embedding given by the assignment z 7→ δz.
The map f := β¯ ◦ i is a 1-Lipschitz map from E(X) to E(X). By construction,
f(e(x)) = e(x) for all points x ∈ X. Using [33, Theorem 3.3 (1)] we conclude
f = idE(X); thus, β¯(δz) = z for all points z ∈ E(X). The lemma follows.
As a direct consequence of Lemma 2.4, Lemmas 3.1 and 3.2, every reversible
conical bicombing on X extends to a reversible concial bicombing on E(X).
Proof of Theorem 1.1. We set
S :=
{
(1− t)δx + tδy : x, y ∈ X, t ∈ [0, 1]
}
.
Lemma 3.1 shows that the map
β : S → X,
(1− t)δx + tδy 7→ σxy(t)
is 1-Lipschitz. Therefore, Lemma 3.2 tells us that there exists a contracting
barycenter map β¯ : P1(E(X)) → E(X) such that β¯(e♯(s)) = e(β(s)) for all
s ∈ S. Due to Lemma 2.4, the map σ¯ : E(X) × E(X) × [0, 1] → E(X) defined
by
(x, y, t) 7→ β¯
(
(1− t)δx + tδy
)
is a reversible conical bicombing on E(X). Clearly, e(σxy(t)) = σ¯e(x)e(y)(t) for
all (x, y, t) ∈ X ×X × [0, 1], as desired.
3.3 Doss expectation
In what follows, we prove the following generalization of Corollary 1.3.
Proposition 3.3. A Banach space admits only one conical bicombing. This
unique conical bicombing is given by linear segments.
To establish Proposition 3.3, we shall need the Doss expectation of a mea-
sure. Let (X, d) be a metric space and suppose µ ∈ P1(X) is a measure. The
set
ED[µ] :=
{
z ∈ X : d(z, x) ≤W1(µ, δx) for all x ∈ X
}
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is called Doss expectation of µ. See [38, Section 2.3.] for other notions of
expectation in metric spaces. Note that if σ is a conical bicombing on X, then
σxy(t) ∈ ED[(1− t)δx + tδy] for all (x, y, t) ∈ X ×X × [0, 1]. Conversely, if X is
injective, then the map σ 7→ σxy(t) ∈ ED[(1 − t)δx + tδy] is surjective. This is
the content of the following lemma:
Lemma 3.4. Let (X, d) be an injective metric space and suppose (x, y, t) ∈
X ×X × [0, 1]. For every point z ∈ ED[(1− t)δx + tδy] there exists a reversible
conical bicombing σ on X such that σxy(t) = z. In particular, if X admits only
one reversible conical bicombing, then the set ED[(1− t)δx + tδy] is a singleton.
Proof. We abbreviate µ := (1− t)δx+ tδy and set S := {δx : x ∈ X}∪{µ}. The
map f : S → X defined by δx 7→ x and µ 7→ z is a 1-Lipschitz map provided
we equip S ⊂ P1(X) with the subspace metric. Thus, as X is injective, there
exists a contracting barycenter map β : P1(X) → X such that β(s) = f(s) for
all s ∈ S. Let σβ be defined as in Lemma 2.4. By construction, σβ(x, y, t) = z.
Since σβ is a reversible conical bicombing, the lemma follows.
We conclude this subsection with the proof of Proposition 3.3.
Proof of Proposition 3.3. Let (X, ‖ · ‖) be a Banach space. It suffices to show
that for all (x, y, t) ∈ X×X× [0, 1] the set ED[(1− t)δx+ tδy] is a singleton. Let
(e,E(X)) denote the injective hull of X and fix a point (x, y, t) ∈ X×X× [0, 1].
By the use of Lemma 3.2, it is not hard to check that
e(ED[(1− t)δx + tδy]) ⊂ ED[(1 − t)δe(x) + tδe(y)]. (3.4)
Since X is a Banach space, a result due to Isbell [24, Theorem 1] (see also [41,
Theorem 2.1]), tells us that there exists a Banach space structure on E(X)
such that its norm induces the metric of E(X). Hence, from Corollary 1.3 and
Lemma 3.4, it follows that each set ED[(1 − t)δe(x) + tδe(y)] is a singleton. By
(3.4), ED[(1 − t)δx + tδy] is a singleton for all (x, y, t) ∈ X × X × [0, 1], as
desired.
3.4 The upper half-plane H ⊂ ℓ2∞ admits two conical bicombings
We consider the Banach space ℓ2∞ := (R
2, ‖ · ‖∞), where ‖ · ‖∞ denotes the
supremum norm. We define the set
H := {(s, t) ∈ R2 : t ≥ 0} ⊂ ℓ2∞.
In what follows, we show that the upper half plane H ⊂ ℓ2∞ admits two distinct
conical bicombings.
Proof of Proposition 1.4. Let πi : H → R, for i = 1, 2, denote the projection
onto the i-th coordinate axis. We define the map β : P1(H) → H via µ 7→
(β1(µ), β2(µ)) where
βi(µ) := inf
p∈H
(
πi(p) +W1(δp, µ)
)
.
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It is not hard to check that β is a contracting barycenter map. We define the
points p1 := (−1, 0), p2 := (1, 0), b := (0, 1) and the measure µ :=
1
2δp1 +
1
2δp2 .
We claim that β(µ) = b. Clearly,
dµ := min
p∈H
W1(δp, µ) ≤ β2(µ).
Note that if p ∈ H is a point such that W1(p, µ) = dµ, then W1(r(p), µ) = dµ,
where r : H → H is the reflection about the y-axis. Thus, every point q on
the linear segment [p, r(p)] satisfies W1(δq, µ) = dµ. Hence, there exists a point
u ∈ H such that π1(u) = 0 and W1(δu, µ) = dµ. Consequently,
1 ≤W1(δu, µ) = dµ ≤ β2(µ).
Since
‖β(µ) − p1‖∞ = ‖β(µ)− p2‖∞ =
1
2
‖p1 − p2‖∞,
we obtain β2(µ) = 1 and thus β(µ) = b, as claimed. The map σ : H×H×[0, 1]→
H defined by (p, q, t) 7→ β
(
(1− t)δp + tδq
)
is a reversible conical bicombing on
H, see Lemma 2.4. By construction, σ(p1, p2,
1
2) = b and we infer σ 6= λ. Here
λ denotes the conical bicombing on H given by linear segments. So, we have
established that H admits two distinct conical bicombings, as desired.
4 Conical bicombings as fixed points
4.1 Conical bicombings on CB(X)
Let (X, d) be a non-empty metric space and let CB(X) denote the set of all
conical bicombings on X. Fix a point o ∈ X. The map Do : CB(X)×CB(X)→
R given by
(σ, τ)→ sup
{
3−kd(σxy(t), τxy(t)) : k ≥ 0, x, y ∈ B2k(o), t ∈ [0, 1]
}
defines a metric on CB(X). The metric Do induces the topology of uniform
convergence on compact sets; hence, the following lemma is a direct consequence
of the Arzela`-Ascoli Theorem.
Lemma 4.1. Let (X, d) be a proper metric space and o ∈ X a point. Then
(CB(X),Do) is a compact metric space and the subset RCB(X) ⊂ CB(X) of
all reversible conical bicombings on X is a closed subset.
Proof. The first statement follows from the Arzela`-Ascoli Theorem. For the
second statement, let (σ(n))n≥1 be a sequence of reversible conical bicombings
converging to σ ∈ CB(X) with n → +∞. Fix (x, y, t) ∈ X × X × [0, 1]. We
estimate
d(σxy(t), σyx(1− t)) ≤ d(σxy(t), σ
(n)
xy (t))
+ d(σ(n)yx (1− t), σyx(1− t))
for all n ≥ 1. Let k0 ≥ 1 be an integer such that x, y ∈ B2k0 (o). Hence,
d(σxy(t), σyx(1− t)) ≤ 2 · 3
k0 ·Do(σ, σ
(n))
for all n ≥ 1. This implies that σ is reversible, as desired.
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The following lemma shows that the moduli space (CB(X),Do) admits a
conical bicombing whenever it is non-empty.
Lemma 4.2. Let (X, d) be a metric space and let o ∈ X a point. If X admits
a conical bicombing ϕ, then (CB(X),Do) admits a conical bicombing Φ such
that the subset RCB(X) ⊂ CB(X) of all reversible conical bicombings on X is
Φ-convex.
Proof. Fix σ, τ ∈ CB (X). We define the map Φστ : [0, 1]→ CB(X) by
t 7→
{
Φστ (t) : X ×X × [0, 1]→ X
(x, y, s) 7→ ϕ(σxy(s), τxy(s), t).
The map Φστ (t) is a conical bicombing on X. Now, we consider the map
Φ: CB (X) ×CB (X)× [0, 1]→ CB(X)
(σ, τ, t) 7→ Φστ (t).
It is easily seen that Φ is a conical bicombing on (CB (X),Do). Moreover, if
σ, τ are elements of RCB(X), then
ϕ(σxy(s), τxy(s), t) = ϕ(σyx(1− s), τyx(1− s), t)
and thus Φστ (t)(x, y, s) = Φστ (t)(y, x, 1−s) for all (x, y, s) ∈ X×X× [0, 1].
4.2 A fixed point result and its applications
The following proposition is due Kijima [28]. Its proof is a straightforward
adaption of a well-known result in the fixed point theory of Banach spaces due
to Mitchell [37].
Proposition 4.3 (Theorem 1 of [28]). Let (X, d) be a compact metric space
with a conical bicombing. If S is a left reversible semigroup consisting of 1-
Lipschitz self-maps of X, then there exists a point x∗ ∈ X such that f(x∗) = x∗
for all f ∈ S.
A semigroup S is left reversible if for all a, b ∈ S, there exist c, d ∈ S
with ac = bd. For instance, every group and every abelian semigroup is left
reversible. By the use of Lemmas 4.1 and 4.2, and Proposition 4.3, certain
results of [9, 33] may be derived via short fixed points arguments. For example:
Lemma 4.4. Let (X, d) be a proper metric space. If X admits a conical bi-
combing, then X admits a reversible conical bicombing.
Proof. Let σ denote a conical bicombing on X and let o ∈ X be a point. We
define the map r : CB(X)→ CB(X) by
τ 7→
{
r(τ) : X ×X × [0, 1]→ X
(x, y, t) 7→ σ(τxy(t), τyx(1− t),
1
2 ).
It is easily seen that r is 1-Lipschitz with respect to Do. Since (CB(X),Do)
is a compact metric space with a conical bicombing, see Lemmas 4.1 and 4.2,
we may invoke Proposition 4.3 to obtain a conical bicombing τ∗ ∈ CB(X) such
that r(τ∗) = τ∗. By construction, τ∗ is reversible.
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A bicombing σ is Iso(X)-equivariant if f(σ(x, y, t)) = σ(f(x), f(y), t) for
every point (x, y, t) ∈ X×X×[0, 1] and isometry f : X → X. In [33, Proposition
3.8], Lang proved that every injective metric space (X, d) admits an Iso(X)-
equivariant reversible conical bicombing. The analogous statement holds for
every compact metric space with a conical bicombing:
Lemma 4.5. Let (X, d) be a compact metric space. If X admits a conical
bicombing, then X admits an Iso(X)-equivariant reversible conical bicombing.
Proof. By the use of Proposition 4.3, we obtain a point o ∈ X such that
f(o) = o for every isometry of f of X. For each isometry f : X → X the
map F : CB(X)→ CB(X) defined by
τ 7→
{
F (τ) : X ×X × [0, 1]→ X
(x, y, t) 7→ f−1(τ(f(x), f(y), t))
is an isometric embedding with respect toDo and RCB(X) is F -invariant. Since
(CB(X),Do) and (RCB(X),Do) are compact metric spaces, see Lemma 4.1, a
classical result [20] tells us that the maps F and F |RCB(X) are isometries.
Due to Lemma 4.2, the compact metric space (RCB(X),Do) admits a
conical bicombing. Hence, by virtue of Proposition 4.3 we obtain a point
σ∗ ∈ RCB(X) such that F (σ∗) = σ∗ for every map F defined as above. By
construction, σ∗ is an Iso(X)-equivariant reversible conical bicombing, as de-
sired.
5 Constructing new conical bicombings from old
ones
5.1 Preparatory lemmas
Let (X, d) denote a metric space with a conical bicombing σ. In what follows,
we develop tools that allow us to construct new conical bicombings starting
from σ. Fix n ≥ 1 and τ ∈ CB(X). For all x, y ∈ X we set cxy(n; 0) := x,
cxy(n;n) := y, and
cxy(n; i) := σ
(
τxy
(
i−1
n
)
, τxy
(
i+1
n
)
, 12
)
(5.1)
for all 1 ≤ i ≤ n − 1. Let c := cσ(n; τ) denote the map c : X ×X × [0, 1] → X
given by
(x, y, (1 − λ) i
n
+ λ i+1
n
) 7→ σ(cxy(n; i), cxy(n; i+ 1), λ) (5.2)
for all 0 ≤ i ≤ n − 1 and λ ∈ [0, 1]. The following lemma shows that c is a
conical bicombing.
Lemma 5.1. Let (X, d) be a metric space, and suppose σ and τ are conical
bicombings on X. Let cσ(n; τ) be defined as in (5.2). Then the map cσ(n; τ) is
a conical bicombing on X. Moreover, if σ is consistent, then cσ(n;σ) = σ.
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Proof. We abbreviate ti :=
i
n
for i = 0, . . . , n. Using (5.1), we obtain
d(x, cxy(n; i)) ≤
ti−1
2
d(x, y) +
ti+1
2
d(x, y),
d(y, cxy(n; i)) ≤
1− ti−1
2
d(x, y) +
1− ti+1
2
d(x, y).
(5.3)
As d(x, y) ≤ d(x, cxy(n; i)) + d(cxy(n; i), y) = d(x, y), the inequalities in (5.3)
are equalities. Since
d(cxy(n; i), cxy(n; i+ 1)) ≤
1
n
d(x, y),
we obtain d(cxy(n; i), cxy(n; j)) = |ti − tj |d(x, y) for all 0 ≤ i, j ≤ n. Thus,
cσ(n; τ) is a bicombing.
We proceed to show that c := cσ(n; τ) satisfies inequality (1.1). Let t ∈[
ti, ti+1
]
be a point with t = (1− λ)ti + λti+1 for λ ∈ [0, 1]. Let x, y, z ∈ X be
points. We estimate
d(cxy(t), cxz(t)) ≤ (1− λ)d(cxy(n; i), cxz(n; i))
+ λd(cxy(n; i+ 1), cxz(n; i+ 1)). (5.4)
By (5.1),
d(cxy(n; k), cxz(n; k)) ≤
1
2
d(τxy(tk−1), τxz(tk−1)) +
1
2
d(τxy(tk+1), τxz(tk+1))
≤ tk d(y, z) (5.5)
for all 0 ≤ k ≤ n. By combining (5.4) and (5.5), we can assert that cσ(n; τ)
satisfies inequality (1.1), as desired. For the moreover part, it suffices to note
that if σ is consistent, then cxy(n; i) = σxy(ti) for all i = 0, . . . , n.
Now we are in a position to prove Lemma 5.2, which is the main component
of the proof of Theorem 1.5.
Lemma 5.2. Let (X, d) be a proper metric space and suppose σ is a conical
bicombing on X. Let x, y ∈ X be points. Then for each integer n ≥ 1 there exist
unique points σxy(n; i), for i = 0, . . . , n, such that σxy(n; 0) = x, σxy(n;n) = y,
and
σxy(n; i) = σ
(
σxy(n; i− 1), σxy(n; i+ 1),
1
2
)
(5.6)
for all 1 ≤ i ≤ n− 1. Moreover, the map σ(n) : X ×X × [0, 1]→ X given by
σ(n)
(
x, y, (1 − λ) i
n
+ λ i+1
n
)
:= σ(σxy(n; i), σxy(n; i+ 1), λ)
for all x, y ∈ X, λ ∈ [0, 1], and 0 ≤ i ≤ n− 1, is a conical bicombing.
Proof. First, we prove that the points σxy(n; i) are unique. Suppose that
p0, . . . , pn ∈ X are points such that p0 = x, pn = y and pi = σ(pi−1, pi+1,
1
2 ) for
all 1 ≤ i ≤ n − 1. We abbreviate di := d(σxy(n; i), pi) and d := max{di : i =
0, . . . , n}. Plainly,
di ≤
1
2
di−1 +
1
2
di+1 ≤
1
4
di−2 +
1
4
di +
1
2
di+1 ≤ · · · ≤
1
2i
d0 +
(
1−
1
2i
)
d,
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for all 1 ≤ i ≤ n− 1. Hence, d = 0, as desired.
Second, we prove that points σxy(n; i) with the desired properties exist. For
τ ∈ CB(X) let cσ(n; τ) denote the map defined as in (5.2). By Lemma 5.1, we
see that cσ(n; τ) is a conical bicombing. Fix a point o ∈ X. By construction,
τ 7→ cσ(n; τ) is 1-Lipschitz with respect to Do. Indeed,
Do(cσ(n; τ), cσ(n; τ
′)) ≤ sup
{
3−k d(τxy(
i
n
), τ ′xy(
i
n
)) : k ≥ 0, x, y ∈ B2k(o), i ∈ [n]
}
where [n] := {0, . . . , n}, and therefore
Do(cσ(n; τ), cσ(n; τ
′)) ≤ Do(τ, τ
′)
for all τ, τ ′ ∈ CB(X). Since (CB(X),Do) is compact (see Lemma 4.1), Propo-
sition 4.3 now gives us a point σ∗ ∈ CB(X) with cσ(n;σ∗) = σ∗. Hence, the
points σxy(n; i) := σ∗(x, y,
i
n
) have the desired properties.
Rather than using the tools of Section 4, Lemma 5.2 can also be established
by direct computations. Indeed, straightforward (but tedious) estimates show
that the sequence (xk)k≥0 ⊂ X
n+1 with x0 ∈ X
n+1 arbitrary,
x
(0)
k := x, x
(n)
k = y, and x
(i)
k := σ(x
(i−1)
k−1 , x
(i+1)
k−1 ,
1
2)
is convergent. Its limit fulfils (5.6) by construction.
5.2 Proof of Theorem 1.5
Now, we have everything at hand to prove Theorem 1.5.
Proof of Theorem 1.5. We fix a reversible conical bicombing σ on X. The
existence of σ is guaranteed by Lemma 4.4. For each integer n ≥ 1 let
σ(n) : X ×X × [0, 1]→ X denote the conical bicombing constructed in Lemma
5.2. Note that σ(1) = σ. Since the points σxy(n; i), i = 0, . . . , n, are unique, we
see
σ(n)xy
(
(1− λ) i
n
+ λ i+k
n
)
= σ(k)
(
σ(n)xy
(
i
n
)
, σ(n)xy
(
i+k
n
)
, λ
)
(5.7)
for all 0 ≤ i ≤ i + k ≤ n and λ ∈ [0, 1]. For each integer n ≥ 1 we define the
map s(n) : X ×X × [0, 1]→ X via
(x, y, t) 7→ σ(i)(x, y, t) if d(x, y) ∈
( i− 1
n
,
i
n
]
and s(n)(x, x, t) = x for all x ∈ X and t ∈ [0, 1]. Clearly, s(n) is a bicombing
which is not necessarily continuous with respect to the product topology on
X ×X × [0, 1].
Fix a free ultrafilter U on the positive integers. We define the reversible
bicombing s : X ×X × [0, 1]→ X via
(x, y, t) 7→ s(x, y, t) := lim
U
s(n)(x, y, t).
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In what follows, we show that the map s has the desired properties. First, we
prove that s is consistent. To this end, let x, y ∈ X with x 6= y, p := sxy(s) and
q := sxy(t) for 0 ≤ s < t ≤ 1 be given. It holds
d
(
sxy((1− λ)s+ λt), spq(λ)
)
= lim
U
d
(
s(n)xy ((1− λ)s+ λt), s
(n)
pq (λ)
)
.
We write pn := s
(n)
xy (s) and qn := s
(n)
xy (t). By the above
d(sxy((1 − λ)s+ λt), spq(λ)) ≤ lim
U
d
(
s(n)xy ((1− λ)s+ λt), s
(n)
pnqn(λ)
)
+ lim
U
d
(
s(n)pnqn(λ), s
(n)
pq (λ)
)
.
Note that d(pn, qn) = d(pm, qm) for all n,m ≥ 1, so d(p, q) = d(pn, qn) for all
n ≥ 1. Hence, using the definition of s(n), we obtain
lim
U
d
(
s(n)pnqn(λ), s
(n)
pq (λ)
)
≤ (1− λ) lim
U
d(pn, p) + λ lim
U
d(qn, q) ≤ 0.
Thus, to prove that s is consistent, it suffices to show that
lim
U
d
(
s(n)xy ((1 − λ)s+ λt), s
(n)
pnqn
(λ)
)
= 0. (5.8)
Fix n ≥ 1 and denote by m,k ≥ 1 the unique integers such that
d(x, y) ∈
(m− 1
n
,
m
n
]
, d(pn, qn) ∈
(k − 1
n
,
k
n
]
.
We set M :=
{
σ
(m)
xy (
i
m
) : i ∈ {0, . . . ,m}
}
. Choose a point p′n := σ
(m)
xy (
i
m
) ∈ M
such that
d(pn, p
′
n) + d(qn, q
′
n) ≤
d(x, y)
m
≤
1
n
,
where q′n := σ
(m)
xy (
i+k
m
). We estimate
d
(
s(n)pnqn(λ), σ
(k)
p′nq
′
n
(λ)
)
= d
(
σ(k)pnqn(λ), σ
(k)
p′nq
′
n
(λ)
)
≤
1
n
and therefore
d
(
s(n)xy ((1− λ)s+ λt), s
(n)
pnqn(λ)
)
≤ d
(
σ(m)xy ((1− λ)s + λt), σ
(k)
p′nq
′
n
(λ)
)
+
1
n
.
By (5.7),
d
(
s(n)xy ((1− λ)s+ λt), s
(n)
pnqn(λ)
)
≤
2
n
; (5.9)
hence, (5.8) follows. Thus, s is a consistent bicombing, as claimed.
Since every geodesic of s(n) is a σ(i)-geodesic for some i ≥ 1, each map sxy(·)
is a straight geodesic. Similarly, since s is consistent and by the definition of s(n),
we see that t 7→ d(sxy(t), sx′y′(t)) is convex on [0, 1] whenever x, y, x
′, y′ ∈ X
are points with d(x, y) = d(x′, y′). The theorem follows.
Remark 5.3. Let (σ(n))n≥1 be the sequence of conical bicombings as in the
proof of Theorem 1.5. If (σ(n))n≥1 converges, then it is immediate that the
limit is a consistent conical bicombing on X. Straightforward estimates show
that
Do(σ
(n), σ(n+1)) ≤
1
n+ 1
;
thus, it remains open if the sequence (σ(n))n≥1 is convergent.
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